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Abstract 
Kennison, J.F., The fundamental localic groupoid of a topos, Journal of Pure and Applied 
Algebra 77 (1992) 67-86. 
If 8 is a connected Grothendieck topos, then there is a prodiscrete localic groupoid n which 
plays the role of the fundamental group of 8. There is a ‘universal torso? which is a geometric 
morphism from 8 to Ba, the topos of all continuous r-actions. n classifies torsors since a 
G-torsor of 8 corresponds to a uniformly continuous functor from r to G. (If ‘Z is locally 
connected all such continuous functors are automatically uniform.) When 8 is locally connected, 
and has a point, then r is equivalent to a localic group, otherwise a groupoid is needed. The 
topos 8 is equivalent to BX for X a fully prodiscrete localic groupoid iff 8 is locally connected 
and generated by its split (or by its locally trivial) objects. 
A technical aspect of this paper shows how to use a prodiscrete localic groupoid to represent a 
2-diagram of groups. For example, each pro-group is representable (in a 2-categorical sense) by 
a prodiscrete localic groupoid. Some curious counter-examples arise by considering toposes of 
infinitesimal group actions. 
Marta Bunge and Ieke Moerdijk have written interesting papers which relate to this one. 
1. Introduction 
A number of papers, including [l, 3, 4, 6, 11-14, 20, 211, explore the concept 
of a fundamental group for a topos. The usual notion of ‘group’ is generalized, 
depending on the assumptions made about the topos. So, the fundamental group 
might be a topological group or a localic group or a pro-group. 
Associated with the generalized fundamental group 7~ is an analogue of the 
universal covering space, which is, in effect, a universal torsor. Recall that if G is 
a (discrete) group, and if E is a topos, then a G-torsor can be regarded as a 
geometric morphism from S? to BG, the topos of all G-actions. The universal 
covering space is then a 7r-torsor, or geometric morphism from % to BTT. (The 
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definition of BG can be extended to localic groupoids G, as shown by Moerdijk 
[21]. Briefly, if G is a localic groupoid, then G has a locale G, of objects. An 
object of BG is a sheaf over G, ‘on which G acts’. In effect, an object of BG is a 
sheaf over G, which is simultaneously a functor from G to Sets. For a precise 
definition, see [21]. The idea of using BG in connection with the fundamental 
group is due to Moerdijk.) 
My basic approach is as follows: Let 8 be a connected Grothendieck topos. 
Then there is a category Tars,(%) whose objects are pairs (G, T), where G is an 
ordinary group (i.e. a group in Sets) and T is a G-torsor in 8. A map from (G, T) 
to (H, T’) is a pair (r, m), where r: G+ H is a group homomorphism and 
m : T+ T’ is a map of E such that m( gr) = (rg)m(t) for each g E G. There is an 
obvious projection from Tars,(%) to Groups, which maps (G, T) to G, and the 
fundamental group is some kind of limit of this diagram. 
However, the ordinary limit is not what we want unless we consider the 
2-categorical structure on Tars,(%). This follows because we want a fundamental 
group 7~ which maps to each group G whenever we have a G-torsor, or geometric 
morphism from 8 to BG. But if we have a pair of equivalent geometric 
morphisms from 8 to BG, we want the corresponding maps from rr to G to be 
conjugates, in a coherent way. To be precise, the fundamental group should be a 
2-categorical limit (or bilimit) of the diagram which assigns the group G to the 
pair (G, T). It turns out that the l-categorical limit will always be trivial (see 
4.17, below). 
In previous papers, the 2-categorical structure was finessed by assuming that ZY 
had a point, as in [14], or by setting up an internal pro-group, as in [ll]. In this 
paper, we upgrade Tars,(%) to a 2-category, Tors,( 5Z), by letting h E H define a 
2-cell from (r, m) to (s, n) whenever n(t) = hm(t) and s(g) = hr(g)h-‘. 
Now the projection from Tars,(%) to Groups gives us an ‘inversely bifiltered’ 
(see below) 2-d’ g ta ram of groups. The fundamental ‘group’ of ‘8 will be a ‘bilimit’ 
(see below) of this diagram. In [14], we showed, in effect, that when 8 has a 
point, then this 2-diagram can be replaced by an equivalent l-diagram of groups, 
with an equivalent limit. In this paper, we show that even if Z? does not have a 
point, then the 2-diagram of groups over Tars,(%) can be replaced by an 
equivalent l-diagram of groupids. So the fundamental group is a pro-groupoid. 
A bonus is that the functors in the resulting diagram of groupoids are ‘composably 
onto’, so the pro-groupoid can be represented by a pro-discrete localic groupoid. 
This localic groupoid classifies torsors, and gives us a ‘universal’ torsor. (See 
Proposition 4.2. In the nonlocally connected case, we must use a natural uniform 
structure. The notion of a uniform structure on a locale is due to Pultr [22]. See 
also [9] and Definition 3.9, below.) (It should be noted that our construction 
depends on dealing with toposes defined over ordinary sets, for example, 
Grothendieck toposes, in the classical sense. Our results do not extend to toposes 
defined over an arbitrary ground topos.) 
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The construction that we use has some generality since Tars,(%) is a ‘bicomma’ 
category (see below) for a 2-functor T. We first construct our representing localic 
groupoid for ‘biflat’ 2-functors T (see below). Appropriate machinery is given in 
Section 2. One result is that we can represent any pro-group by a uniform 
prodiscrete localic groupoid, see Corollary 3.11. 
We also note that our construction of rr could presumably be made without 
assuming connectedness of 8, if we work in the boolean algebra of clopens of 8 
(i.e. complemented subobjects of 1 in E). 
It was shown in [16] and [20] that, when 8 has a point, and is locally connected, 
then there is a reasonable definition of the fundamental localic group. The 
question arises, “What happens if the topos does not have a point?“. During my 
recent sabbatical year at McGill University, I found that Marta Bunge was 
answering this question by considering localic groupoids. While her approach, see 
[3], differs from mine, I am pleased to acknowledge many useful and stimulating 
conversations with her on this question. 
When ‘$5 is locally connected, then rr is a limit of groupoids and fd, compos- 
ably onto functors. Further, when 8 is generated by its split objects, then ‘$5 is 
equivalent to Brr (the topos of all r-actions), and this characterizes toposes of the 
form BX for X a fully prodiscrete localic groupoid. (Moerdijk [20], has a similar 
result for the pointed case. Moerdijk’s proof is constructive and extends to 
toposes defined over any base topos with a natural number object.) 
If 55 is locally connected, then the canonical geometric functor from 8 to Bn-, is 
connected (i.e. its inverse image is full and faithful). This seems right if Bn is the 
universal torsor. Unfortunately, when ‘8 is not locally connected, the canonical 
map to Brr need not be connected. This suggests that % might still have some 
group-like action not captured by 7~ (or not captured by the torsors). Example 
4.12, on toposes of infinitesimal group actions, shows what this could be. 
The main results of this paper are in Section 4, while Sections 2 and 3 develop 
the necessary machinery. We follow the methods of [14] except that here we face 
up to the essentially 2-categorical nature of the construction. In Section 2 of this 
paper, we review the theory of bilimits, and show how to represent a 2-functor (or 
more generally, a homomorphism) as a bicolimit of representables (this last result 
only works when all 2-cells are invertible). Section 3 shows how the resulting 
bilimit of groups can be represented by a prodiscrete localic groupoid. 
In Section 4, we define the fundamental groupoid, find its universal property 
and characterize toposes of the form BX for X a well-behaved localic group- 
oid. 
I am pleased to acknowledge my indebtedness to M. Makkai, R. Pare, R. 
Street and A.J. Power for helping me with aspects of 2-category theory. I also 
thank Marta Bunge for conversations and insights, as mentioned above. Finally, I 
thank McGill University for its hospitality during my recent sabbatical when I 
wrote this paper. 
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2. The 2-categorical preliminaries 
The constructions we use depend on a modest amount of 2-category theory, as 
developed in [lo] and [23]. For our purposes, [16, Chapters 4 and 51 is a useful, 
concise reference. We use the concepts of 2-category, homomorphism, strong 
transformation and modification as defined in [16]. 
Note that a 2-category has objects, maps and 2-cells. For the 2-category Cat, 
these are the small categories, functors and natural transformations respectively. 
Grpd is the full 2-subcategory of groupoids, functors and natural transformations. 
Grp is the full subcategory of groups, group homomorphisms (=functors) and 
conjugations (=natural transformations). We also let GTop be the 2-category of 
Grothendieck toposes, geometric morphisms and natural transformations. If % is 
a small 2-category, the Hom(B, Grpd) denotes the 2-category of homomorph- 
isms, transformations and modifications. 
2.1. Notation. (1) An ‘ordinary’ category (or ‘l-category’ for emphasis) is a 
2-category in which the only 2-cells are identities. 
(2) If (8 is a 2-category and if A,B are objects of % (denoted by ‘A,B E 
Ob(%‘)‘), then %(A, B) is the category of maps from A to B. 
(3) If f and g are maps in a 2-category, %‘, then f-g means that f and g are 
isomorphic as members of some horn-category %(A, B). However, if A,B are 
objects of %, then A = B means that A is 2-equivalent to B. That is, there are 
f : A-+ B, g : B-+ A with gf= 1, and gf= 1,. 
The following three definitions are special cases of well-known concepts. We 
present them in some detail to establish notation for the type of bilimits that we 
will need. 
2.2. Definition. Let % be a 2-category, let 9 be a small 2-category and let 
X : 9 + (e be a 2-functor. Then a cone y over X with vertex V consists of an object 
V of ‘% together with: 
(1) For each object I of 9, a map y, : V+ X(Z). 
(2) For each i : I- .I of 9, an invertible 2-cell y, : X(i)yl+ yJ such that the 
following conditions hold: 
(3) Given map i : I+ J and j : J+ K, we have ‘y,y, = y,,‘. More precisely, 
r,(X(j)r,) = Y,,. 
(4) Given maps i, j in 9(Z, J) and a 2-cell A : I+ j, we have ‘y,X( A) = yj’. More 
precisely, Yj(X(A)Y,) = Y,. 
2.3. Definition. Let X : $-+ % be as above and let y and 6 be cones over X with 
given vertex V. Then a cone map m : y + 6 is a family of 2-cells m, : y, + 6, which 
commute with the y,‘s and 6,‘s. This gives us a category Cone(V, X) of cones with 
vertex V over X. 
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2.4. Definition. Let X : 9 -+ T be as above. Then a bilimit of X is a cone p over X 
with vertex L such that, for all V, composing with p sets up an equivalence: 
%(V, L) = Cone(V, X). Thus, for every cone y with vertex V there is a map 
g : V+ L and invertible 2-cells, p,g = yt, forming a cone map from pg to y. 
Moreover, g : V--, L is ‘essentially unique’ (i.e. the relation between g and y is a 
category equivalence between %(V, L) and Cone(V, X)). 
2.5. Remarks and notation. (1) The dual notion (reverse only the l-cells) is a 
bicolimit. 
(2) The notions of bilimit and bicolimit also make sense if X : 9 -+ % is only a 
homomorphism rather than a 2-functor. (Use the above definition with the 
obvious alterations.) 
(3) For more general limit notions see [16]. The above notion corresponds to a 
‘weighted bilimit’ with constant weight 1. 
(4) A bilimit need not be a limit, even if the index category I is only a 
l-category. 
2.6. Proposition. Let { %t} be a small, inversely filtered diagram in GTop. (So I 
varies in an index category which is a 1 -category and inversely filtered in the usual 
way.) 
Then the bilimit of {Se,} exists in GTop and coincides with the bilimit of { ‘8,} in 
Cat. (To be precise, assume that X : 4 --) GTop is a homomorphism, where 4 is an 
inversely filtered 1 -category. Then the inclusion GTop + Cat preserves the bilimit.) 
Proof. A proof of this result (using sites and a different terminology) is given in 
[5]. Alternatively, we can generalize the proof in [14] that BT is the bilimit of 
{ BG,} both in GTop and Cat. (In [14], we used the notation Set8 for Br.) The 
main idea of the alternate proof is as follows. First use Wraith glueing to a ‘lax 
bilimit’ of { %,} in GTop. Then ‘tighten the glue’ by using a topology which inverts 
certain maps. There is a more general version of this result, due to R. Pare 
(unpublished). Cl 
2.7. Definition. A functor F : B-, C, between ordinary categories, is said to be 
onto objects if the associated functor F : Oh(B) + Oh(C) is onto. We say that F is 
onto maps if for every map f : c, + c2 of C there is a map e : b, + b, of B such 
that F(e) = f. 
F is composably onto if F is onto when defined for composable pairs of maps. 
(In other words, if for every pair f,g of maps of C such that gf exists, there are 
maps d,e of B for which de exists and F(d) = f and F(e) = g.) 
These three ontoness properties are successively stronger, but are equivalent 
for fulZ functors. A functor is fully onto if it is full and onto objects. 
Michael Barr has observed that the composably onto functors are precisely the 
stable regular epis in the category of (small) categories. 
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Notation. A locale is a generalized topological space, as defined in [6] or [7]. That 
is, each locale X has an associated frame O(X) which is a complete lattice 
satisfying an infinite distributive rule (see [6], [7], [9], etc.) We note that while our 
use of the terms ‘locale’ and ‘frame’ is fairly common, it differs from the 
terminology of [6]. 
2.8. Definition. A localic groupoid X is prodiscrete if X is the (ordinary) limit in 
the l-category of localic groupoids of an inversely filtered system {X,} of discrete 
groupoids and composably onto functors. Note that a localic groupoid consists of 
a locale of objects, a locale of maps and a locale of composable pairs of maps. All 
three of these locales are filtered limits of discrete sets and onto maps, since the 
original system has composably onto functors. The topos BX is defined in [ 191 and 
can equivalently be obtained using Proposition 2.6. See the remarks in the 
beginning of the next section. 
We next prove a useful “canonical bicolimit” lemma. While this lemma 
generalizes a well-known result about l-categories, we warn the reader that it 
does not extend to 2-functors from %’ to Cat, when 3 has noninvertible 2-cells. 
First, we need the following definition: 
2.9. Definition. Let T : 93 -+ Grpd be a homomorphism of 2-categories. Recall 
(as in [23]) that one can define a ‘bicomma’ 2-category El(T) of ‘elements’ of T as 
follows: 
Objects: The object of El(T) are pairs (B, r), where B EOb(%) and rE 
Ob(TB). 
Maps: (b, p) : (B, r)+(B’, r’) is a map of El(T) if b : B+ B’ is a map of 3 
and p : T(b)r-+r’ is a map of T(B’). 
2-cells: A 2-cell a : b,-+ 6, is admissible from (b,, p,) to (b2, p2) if p1 = 
&T(a),. 
2.10. Proposition. Let 3 be a 2-category in which every 2-cell is invertible. Let 
T : 93 ---f Grpd be a homomorphism and let El(T) be as above. Let P : El(T)-+ 93 
be the obvious projection for which P(B, r) = B, P(b, p) = b, etc. Let 
y:% Op-+ Hom(!?i3, Grpd) be the Yoneda 2-functor. Then T is the bicolimit in 
Hom(%, Grpd) of the diagram ypop. 
Proof. (1) For every object (B, r) of EI(T)OP, there is a strong transformation 
c~~,~) : [B, -I+ T for which cg(m) = T(m)(r) whenever m : B+ A. (We use cg 
for C(B,,) when r is understood.) 
(2) If (b, p) : (B, r)-+ (B’, r’) we define a modification 
cb ’ 
. c,b*--t cs’ > 
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(where b* = ~~~“(6, p)) as follows. Given m : B’- A, we define (c~),,, = T(m)p. 
(This assumes T(mb) = T(m) T(b) so when T is not a 2-functor we must modify 
our definition modulo the equivalence T(mb) = T(m) T(b).) 
(3) The above definitions give us a cocone with vertex T over ypop, as can be 
shown directly. (The details are straightforward but tedious.) 
(4) Let FE Hom(%, Grpd) and let 6 be a cocone with vertex F over ypop. We 
must define a strong transformation d : T-+ F. Let A E Ob(CP3) and s E Ob( TA) 
be given. Then (A, s) E Ob(El(T)) and define d(s) = 6,(1,). If p : s1-+s2 is a 
map of TA, then (lA, p) : (A, sI)-)(A, s2) and (+)I. can be used to define 
dA(p). A direct, but similarly tedious calculation, shows that d, is a functor for 
each A and d = { dA} is a strong transformation. 
(5) The above structure shows that T is the bicolimit of y’“‘. The remaining 
details are somewhat reduced by using the fact that bicolimits in Hom(%, Grpd) 
can be computed pointwise. 0 
3. The representation theorem 
This is where we show that the diagram of groups over Tors,( %), as discussed 
informally in the Introduction, has a bilimit which is a uniform prodiscrete localic 
groupoid. Since Tars,(g) can be regarded as a bicomma category, El(T), we will 
work with a suitable homomorphism, T : Grp+ Grpd. We will show that T is 
representable by a uniform prodiscrete localic groupoid, X. (We can regard 
X : Grp+ Grpd by letting X(G) be the groupoid of uniform functors from X to 
G.) 
Our conventions about localic groups are based on [19,21]. For every localic 
group X there is a topos BX as defined in [19]. We will be working with 
prodiscrete localic groups, see Definition 2.8, in which case there is an alternate 
description of BX. First, if X is a discrete groupoid, then BX is simply the topos 
of functors from X to Sets. If the prodiscrete groupoid X is Lim {X,}, where each 
X, is discrete (and where the functors between the X,‘s are composably onto), 
then BX = Bilim { BX,}. (The proof of this result is given at the end of this 
paper.) There is a similar proof in [14], for prodiscrete localic groups. 
3.1. Definition. A 2-category 9 is biordered if every horn-category, 9(Z, .Z) is 
either empty or equivalent to the category 1. That is, given any two maps i, j in 
9(Z, J), there is a unique 2-cell (necessarily invertible) from i to j. We write Z s .Z 
whenever $(Z, .Z) is nonempty. 
3.2. Definition. A 2-category $ is bifiltered if 
(1) 9 has at least one object. 
(2) Given any two objects Z,J of $ there exists an object K and maps from Z to 
K and from J to K. 
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(3) Given maps i, j in 9(1, .T) there exists a map k : .I--+ K such that ki 2: kj 
(that is, there is an invertible 2-cell from ki to kj). 
(4) Given maps i, j in 9(Z, 1) and 2-cells h,v from i to j, there exists k : J-+ K 
such that kh = ku. 
We use the term inversely bifiltered for the dual notation. 
3.3. Definition. Let T : Grp-+ Grpd be a homomorphism. We say that T is 
biproper if there is a small set J?! of groups such that for every group G and every 
r E Ob( TG) there exists M E A, s E Ob( TM) and f : M-+ G such that T( f)s 2: r. 
3.4. Definition. A homomorphism T : Grp+ Grpd is biflat if: 
(1) There is a group G such that Ob(TG) is nonempty. 
(2) Given r E Ob(TG), s E Ob(TH) there then exists a group K, t E Ob(TK) 
and maps g : K* G, h : K* H such that T(g)(t) = r and T(h)(t) = s. 
(3) Let f,g be group homomorphisms from G to H. Let r E Ob(TG). Then, 
whenever m : T(f) r+ T( g)r is a map of TH, there must be a group F, a group 
homomorphism e : F+ G, a natural equivalence A : fe - ge and t E Ob( TF) and 
a map n : T(e)(t)-+ r (in TG) such that (Tg)(n)h, = mT( f)(v). 
(This works if T is a 2-functor so that T( g)T(e) = T( ge). In the general case, 
we must modify this condition modulo the canonical equivalence between 
T(g)T(e) and T(ge).) 
(4) If f,g are group homomorphisms from G to H and A,,A, are natural 
transformations from f to g and if r E Ob(TG) is such that T( A,), = T( A2)r, then 
A, = A,. 
3.5. Definition. A 2-functor Q : d -3 5Y is locally replete if for every pair of 
objects A,B of &, the functor Q,,, is a full and faithful embedding of &(A, B) 
onto a replete subcategory of X( QA, QB) (‘replete’ means closed under equiva- 
lent objects, so, in the above case, if m : QA+ QB is in the range of Q,,, and 
m = m’, then m’ is also in the range). 
3.6. Lemma. Let T : Grp--+ Grpd be a biflat, biproper homomorphism. It then 
follows that: 
(1) El(T) is bifiltered. 
(2) There is a small, bifiltered, full 2-subcategory of El( T) such that T is still the 
bicolimit of the corresponding diagram of representables. 
(3) There is a small, biordered, bifiltered category 9 and a locally replete 
‘projection’ Q : 94 El(T) such that T is still the bicolimit of the composite 
diagram (from 9 to El(T) to the representables). 
Proof. (1) Obvious. 
(2) Let J11 be a set of groups having the property in the definition of biproper. 
We may as well assume that Jl is closed under finite products and subgroups. 
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Redefine El(T) by restricting to groups in J& The bicolimit property still holds 
(see Proposition 2.10), as can be shown by using the previous arguments. 
(3) In view of (2), we may work with a small, bifiltered, full, replete 2- 
subcategory of El(T). We now mimic the proof of the analogous result as given in 
[14, Lemma 1.11. 0 
Notation. Let T : Grp-+ Grpd be a biflat, biproper homomorphism. Let 
Q : s+El( T) be as in the above lemma. When a E Oh(g), we let (G,, r,) in 
El(T) stand for Q(a). When f : a + /3 is in 6B(cu, p), we let (f, p) denote Q(f). 
Therefore, f : Ga -+ G,. Note that the 2-cells of 6B(a, /3) correspond to ‘admis- 
sible’ natural transformations between group homomorphisms from G, to G,. 
These natural transformations are conjugations by elements g E G,. We let 
A, : f+ e denote the 2-cell determined by g E G,. (Of course, A, = A,, only if 
g = h, it is not sufficient for conjugation by g to coincide with conjugation by h.) 
3.7. Lemma. Using the above notation, assume that (Y 5 p (that is, ~(cY, /3) is 
nonempty). Then G, acts, in a simple, transitive manner, on ‘SJ(CI, p). We use [g] f 
to denote the result of applying g E G, to f E D(cY, p). Then e = [g] f iff A, : f --) e 
is a 2-cell of 9. (It easily follows that e = cg f, where c,(x) = gxg-‘. Note, however, 
that e = cg f is not suficient for e = [g] f.) Moreover, if f E 9((~, p) and e E 
%P, r) an if g E G, and h E G,, then (]hle)f = ]hl(ef) and e(]glf) = ]e(g)l(ef). 
Proof. Let e, f be in g(a, p). Since 9 is biordered, there exists a 2-cell A, : f-, e 
for a unique g E G, . In this case, we will (during this proof) write ‘g = e/f’, Now, 
givenf:a!+/3andgEGc,, we claim that there is a unique e : (Y + /3 for which 
g = elf. Existence is readily obtained by examining El(T). As for uniqueness, 
assume that g = e/f = e’if. Working in El(T), it follows that A, : e+ e’ (where 1 is 
the group identity) and, from this, that e = e’. We therefore define e = [g] f iff 
g = e/f. The remaining details are straightforward. 0 
3.8. Comments on uniform structures for locales. The localic groupoids that we 
deal with in this paper have canonical uniform structures which are crucial to our 
work. The definition of a uniform structure for a locale has been given by Pultr 
[22] (see also [9]). The definition is based on the ideal of a uniform cover. If X is a 
metric shape, then {Xi} is a uniform cover if there is a 6 > 0 such that for all 
x E X there exists X, and S,(x) C Xi. Uniform spaces are defined in terms of 
uniform covers in [7]. 
The definition given below in equivalent to the definition in [9,22], when 
working with locales defined in the category of sets (with choice). The definition 
given in [9] is suitable for an arbitrary base topos. 
Notation. Let L be a locale, with O(L) its associated frame. A subset % C O(L) 
is a cover of L if V 021 = 1 the maximum element of O(L). If 021 and ‘Y are covers 
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of L, then Ou refines “I’ (written 5Y 5 V) if for every U E %! there exists V E Y’” such 
that U C V. We also use Ou A 2’ to denote the cover {U 17 V ( U E 4?L, V E Y}. If 
A E O(L), and if % is a cover of L, then the %-star ofA, St(A, “II) is the union of 
all U E 0% for which U fl A is nonempty. We let % * denote the cover 
{St(U,~))UUE}).IfRisaclassofcoversofL,andifA,BareinO(L),thenA 
is R-uniformly contained in B if there exists “II E 0 with St(A, %) C B. 
3.9. Definition. A uniform structure for a locale L is given by a class R of covers 
of L (called uniform covers), such that: 
(1) If % E R and 2’ E a, then Ou A 2r E 0. 
(2) If % E 0 and % 5 V, then ‘V E a. 
(3) If % E 0, there exists 2’ E fi such that z/‘* 5 021. 
(4) If BE O(L), then B = U {A} w h ere A ranges over the members of O(L) 
that are O-uniformly contained in B. 
The uniform locales clearly form a category. (A continuous map f : L+ L’ is 
uniformly continuous if the inverse image map, from O(L’) to O(L) takes 
uniform covers to uniform covers.) A uniform localic groupoid is a groupoid in 
the category of uniform locales. The notions of uniform functor and uniform 
natural transformation then are obvious. 
In this paper, we are only interested in the case of a pro-discrete localic 
groupoid X, which is presented by an inversely filtered system {X,} of discrete 
groupoids and composably onto functors. In an obvious way, X inherits the 
structure of a uniform localic groupoid. (The l-limit of a diagram of uniform 
locales is a locale with the smallest uniformity making all the projections 
uniformly continuous.) If G is a discrete group it is clear that a functor f : X-+ G 
is uniformly continuous (or uniform) iff f factors through a projection X+X,. 
Similarly, a uniform natural transformation between uniform functors is one that 
factors through a projection. 
We remark that we might also define a ‘uniform topos’, which is presumably a 
topos supplied with a generating class of ‘uniform covering spaces’ or objects 
which are regarded as being split by a uniform cover. However, we do not pursue 
this notion. 
3.10. Theorem. Let T : Grp-+ Grpd be a biproper, biflat homomorphism. Then T 
is representable by the uniform maps from a prodiscrete localic groupoid X. That 
is, T= [X, -lUnlf, where [X, G],,i, is the groupoid of uniform functors and 
uniform natural transformations. 
Proof. Using Lemma 3.6, there is a 2-category 9 and a 2-diagram {G,} of groups 
on 9 such that T is the bicolimit of the representables [G,, -1. We construct an 
associated diagram {Xu} of (discrete) groupoids, as follows: 
Choice sets. Let (Y E Ob($!J) be given. By a choice set for a, we mean a set 0 of 
maps of 9, with domain a, such that whenever (Y 5 p, there is exactly one 
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member of 8 in %?(a, p). Moreover, if (Y = p, then that unique map will be the 
identity. 
The groupoid X,. For each (Y, we define a groupoid X, as follows: Ob(X,) is 
the set of all choice sets for (Y. For choice sets 0, ,6$, we define Xu(O,, 0,) to 
be in one-to-one correspondence with G,. Explicitly, we let X,(0,, 0,) = 
((0,) f3,, g) 1 g E G,}, We use multiplication in G, to compose maps in X, , so 
(f4,%> h)(o, > 02, s> = (4 > ‘%,hd. 
The functors Xa,P. Suppose (Y 5 /3. We define a functor Xa,p : X,+X, as 
follows: Let 0 E Ob(X,) be given. Let p : G, + G, be the unique map of 9(cy, p) 
in 8. We define I/J as the set of all f : G, -+ G, for which fp E 8. Note that if 
f : G, -+ G, is given, there is a unique g E G, for which [g] fp E 0 or, equivalent- 
ly, for which [g] f E I/L (The notation [g] is defined in Lemma 3.7.) Let (e,, 0,, h) 
beamapofX,.Letp,:a~pbeinBiandletrC:=X,~p(8j)fori=1,2.LetgEGP 
be such that p2 = [glp,. Define X, P(e,, e,, h) = (Icr,, 1cI,, w,(h)). 
It is readily verified that Xe,a ‘is a functor and also (for cr 2 /? 5 y) that 
X, ,Xu p = XU,? (exact equality, not mere equivalence). Note also that Xa,p is 
defined’ whenever (Y 5 p, independently of the choice of a map p : a + p. Thus 
we can define X(A) to be the identity 2-cell whenever A is a 2-cell of 9. 
In other words, if 9 # is the inversely filtered l-category obtained by identifying 
equivalent maps in 9, then {X,} is an inversely filtered system of (discrete) 
groupoids. 
We claim that each functor Xa.p is composably onto. Assume (Y 5 p, let 
p : a + p be any map (with p = the identity if (Y = p) and let J/E Ob(X,). We 
can readily find 0 E Ob(X,) such that p E 0 and Xu,P(0) = I,!J. Thus Xa,P is ‘onto 
objects’. 
Next let (I/J,, I&, g) be any map of X6. Choose y1 : (Y + 0 in 9 and let 
r2 = [g]r,. As above, construct 8, ,0, in Ob(X,) such that Y; E 0, and Xa,P(Oi) = 4,) 
for i = 1,2. Then Xu.,(O,, f3,, 1) = (&, I+$, g), so Xa,p is ‘onto maps’. A similar 
argument shows that X, p is composably onto. 
We let X be the limit, in the category of localic groupoids, of the inversely 
filtered diagram {X,} of (discrete) groupoids. We claim that the diagram of 
functors [ Gu, -1 ’ IS e q uivalent to the diagram of functors [Xc, -] (both diagrams 
can be regarded as homomorphisms from 9 to the bicategory Hom[Grp, Grpd].) 
To prove this, we define, for each (Y, functors na : X, + G, and ta : G, + X, On 
objects, q, takes each object 0 to the unique object of G,. On maps, 
n,(8,, e,, g) = g. Given a map f : a * p in the diagram, we define a natural 
transformation nf : fq, -+nPX,,P as follows (note that f : G,+ Ga). Let 8 E 
Ob(X,). Choose g E G, such that [g] fE 8, and then define (n,), = g. This sets 
up a strong transformation. 
Next, we define ta : Ga -+ X, . For each cr choose an object @a E Ob(X,). Let 
t, takes the unique object of G, to @, and take g to (@, , @a) g). Given f : a -+ p, 
we define tf as (X,,p(@a), Qpp, g-l>, where [g] f E Qa. This gives us a strong 
transformation in the other direction. 
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It is readily shown that the diagrams { GU} and {X,} are equivalent (i.e. 
‘3-equivalent’) and therefore Bicolim [G, , -I= Bicolim [Xn, -I. But T is a 
bicolimit of [GcY, -1 so T is also a bicolimit of [X,, -1 which is equivalent to 
[X, -lUnif as can be easily shown. 0 
3.11. Corollary. If r : Grp-+Set is a proper pro-group (i.e. a proper, left exact 
functor between the underlying 1 -categories), then there exists a prodiscrete localic 
groupoid X such that BT = BX. Moreover, X has a canonical base point and I(G) 
is equivalent to the set of uniform homomorphisms from X to G. 
Proof. Since r is a pro-group in Sets, r can be regarded as a proper left exact 
functor from Grp to Sets. But, for each group G, the set T(G) is, in a natural 
way, a groupoid. For if a,b E T(G) are given, regard g E G as admissible from a 
to b if T(c,)(a) = b (where cK is the homomorphism from G to G defined as 
conjugation by g). Let Hom(a, b) be the set of 3-tuples (a, 6, g) where g is 
admissible from a to b. Group multiplication in G, makes T(G) a category, which 
is a groupoid. If f : G* H is a group homomorphism, then r(f) is functorial, 
with r(f)(a, b, g) = (r( f)(a), T(f)(b), f(g)). So r can be thought of as a 
functor from Grp to Grpd. 
Moreover, Tis, in a natural way, a 2-functor. Let e, f be group homomorphisms 
from G to H and let h E H define a natural transformation from e to f. Then h is 
always admissible from r(e)(a) to r(f)(a) and this defines a natural transforma- 
tion from r(e) to r( f ). 
Since r, from Grp to Sets, is proper and left exact, it is easily shown that r, as a 
2-functor from Grp to Grpd, is biproper and biflat. By the above theorem, r is 
represented by a (uniform) prodiscrete localic groupoid X. So T(G) is equivalent 
(as a category) to [X, G]u,it, the category of uniformly continuous functors from 
X to G. Also BT is equivalent to BX as both are bilimits of equivalent 2-diagrams 
of categories { BG,}. 
Alternatively, we can apply the above proof. Since r is a pro-group, r can be 
regarded as a filtered limit of groups {G,}. We can, as in the above proof, 
replace this by the diagram {X,}. Then BT = Lim (BG,) = Lim (BX,) = BX. 
Since the original diagram, { Gcx}, is strictly l-filtered, there are canonical maps 
G, * G, and this defines a canonical object for each X,, which gives us the 
canonical base point for X. 0 
4. The fundamental Iocalic groupoid of a topos 
In this section we associate a prodiscrete localic groupoid 7r to each connected 
Grothendieck topos 55’. There is a canonical geometric morphism k : 8+ Bn and 
all geometric morphisms 8+ BG (for G a group) have a canonical factorization 
through K followed by a projection Br+ BG. We do not assume that % has a 
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point, so this extends the work of [14] to the pointless case. The groupoid rr has 
particularly nice properties when 5% is locally connected. 
4.1. Definition. Let 8 be a connected Grothendieck topos. Let T : Grp-t Grpd 
be defined so that T(G) is equivalent to the groupoid of all G-torsors of 8 and 
G-equivalent maps between them. In view of [14, Lemma 1.21, T is well defined 
and biproper. As essentially shown in [ll], T is a pseudo-functor. For example, if 
R is a G-torsor and if f : G+ H is a group homomorphism, then T(f)(R) = 
H @I R. It is readily verified that T extends to a homomorphism of 2-categories 
and that El(T) is the 2-category Tars,(%) discussed in the Introduction. 
It can be shown that T is biflat (a proof is sketched below). So, there exists a 
prodiscrete localic groupoid n which represents T as in Theorem 3.10. We define 
r to be the fundamental localic groupoid of 8. 
Comments about this definition. (1) The groupoids in the range of the homo- 
morphism T should not be confused with the groupoids in the filtered diagram of 
groupoids that represents T and defines 7~. The latter groupoids are constructed 
from Tars,(%), or El(T) as in the proof of Theorem 3.10. The groupoid T(G) is 
usually disconnected, and may often be trivial, as in the case of a connected torsor 
for a group with trivial center. 
(2) The proof that T is biflat is obvious, except for condition (3), which is 
tricky. Let f,g be group homomorphisms from the ordinary group G to the 
ordinary group H. Let R be a G-torsor in 8, and let H gr R and H gR R be the 
H-torsors induced by f and g (see [ll]). Assume m : H gf R+ H @I~ R is a given 
H-equivariant map. For each h E H, let 
R,={rER)m(l@r)=h@3r}. 
Then R is the disjoint union of the R,,‘s. Let S, be the support of R,,, meaning the 
subobject of 1 that R, maps epimorphically to. If x E G, then x maps R, onto R,, 
where k = f(x)hg(x-‘). So, the part of R that lies over S, is the union of all Rk’s, 
where k = f(x)hg(x-I). So, either S,* and S, coincide, or they are disjoint. It 
follows that 1 is the disjoint union of the S,‘s. Since % is connected, we can 
choose h so that S, is all of 1. 
Let F = {x E G ) h = f(x)hg(x-‘) or f(x) = hg(x)h-I}. Then F is clearly a 
subgroup of G. Let e : F+ G be the inclusion. It is readily shown that t = R, is an 
F-torsor, R = F 8 R,, and A = conjugation by h, satisfy the requirements of 
condition (3) of the definition of biflatness. 
4.2. Proposition. Let % be a connected Grothendieck topos. There is a canonical 
geometric morphism K : Z!+ B~I such that every geometric morphism L : 8+ BG 
(for G a group) factors through K followed by a projection Br-, BG. (Thus K is 
a ‘universal torsor’, cf. [14].) 
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Proof. Let rr = Lim {Xa} be the representation of 7r as a limit of discrete 
groupoids. Let G, be related to Xu as in the proof of Theorem 3.10. Then, for 
each (Y, there is an (equivalence class of) G,-torsors of ‘8, hence an (equivalence 
class of) geometric morphisms 8 + BG, . But BG, = BXa and Brr = BiLim BX, 
(see Definition 2.9), so by the bilimit property we can readily find the canonical 
K : %‘+ Br. The factorization property follows from the construction. 0 
4.3. Lemma. Let ‘8 be connected and locally connected. Then r can be repre- 
sented by a filtered diagram {X,} of discrete groupoids and fully onto functors 
X, + X,. It follows that Bn is locally connected. 
Proof. Let T be as in Definition 4.1 and let {G,} be the bifiltered diagram as in 
Lemma 3.7. Each LY corresponds to a G,-torsor. Since ‘8 is locally connected, we 
can restrict ourselves to those a’s for which the corresponding torsor is con- 
nected. (Given a G, -torsor T let T,, be any connected component. Then TO is a 
connected Gp-subtorsor for G, C G, .) It follows that the maps G, + G, are onto 
(when we restrict to connected torsors). If we apply the construction of Theorem 
3.10 it is easily shown that the functors X,,s : Xa -+X0 are fully onto. 
Next we claim that Bn is locally connected. Recall that Br is the bilimit of 
{BX,} so W E Ob(Bm) can be represented by a family {We}, where Wa E BX, 
and where Wa = r,( WP) whenever r is XP,a : XP + Xa Each Wcl is then decom- 
posable into ‘orbits’ W,,i. Since we can restrict to the case where each r, or X6+, 
is full as well as onto objects, it can readily be shown that the r, maps keep track 
of orbits (i.e. we can tell when W,,; and W,,, belong to the same orbit of W). This 
enables us to decompose W as a disjoint union of ‘orbits’ which shows that Br is 
locally connected. 0 
4.4. Lemma. Let T be a G-torsor of a topos ‘8 and let I : ‘8-+ BG be the 
corresponding geometric morphism. Then I is connected (i.e. I* is full and 
faithful) iff T is connected. 
Proof. If T is not connected, then there exist maps in % from T onto 2 and hence 
Z* cannot be full (note that Z*(2) = 2 and Z*(G) = T, where G acts on itself by left 
multiplication). 
Conversely, assume that T is connected. It is readily shown that Z* is faithful 
since Z* maps BG to Spl(T), the objects of 8 split by T. So if f # g, then Z*(f) 
and Z*(g) will behave differently on the ‘leaves’ of the splitting (see [l]). It 
remains to show that Z* is full. It clearly suffices to consider a map 
f : Z*(A)+Z*(B), h w ere A and B are connected (i.e. single-orbited) members of 
BG. Letting G act on itself by left multiplication (so G E BG) there are quotient 
maps 13, : G+ A and 13, : G -+ B which are joint coequalizers of families of maps 
from G to G. Since Z* preserves colimits we see that Z*(6),) : Z*(G)+ Z*(A) and 
Z*(0,) : Z*(G)+ Z*(B) are also joint coequalizers of maps Z*(G)+ Z*(G). Recall 
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that Z*(G) = T and that f : Z*(A)+ Z*(B) are given. We claim that there exists 
g E G such that fZ*(O,) = Z*(O,)( g). (S’ mce T decomposes as U T, where the 
equation holds on T,, the TR’s are either disjoint or coincident (this property is 
inherited from BG).) By connectedness T = T, for some g. But now the diagram 
(except for f) can be pulled back to BG and using the faithfulness of Z* and the 
joint coequalizer properties one can find fo such that I*( fO) = f. 0 
4.5. Lemma. Let 8 be connected. Then the ‘universal torsor’, or canonical map 
K : 8 -+ Br is connected (that is, K* is full and faithful). 
Proof. Since Brr is locally connected (by Lemma 4.3) it suffices to consider K* at 
connected objects of Br. But connected objects always arise from the left adjoint 
to a projection Brr+ BG, where 8+ BG is connected (as in Lemma 4.4). Given 
a pair of connected objects of Brr we can, by the filteredness of the diagram, find 
a single projection P : Brr+ BG such that both objects of Bn lie in the image of 
P*. The result now follows from Lemma 4.4. 0 
4.6. Lemma. Let 55 be a connected, locally connected, (Grothendieck) topos. Let 
K : %-+ Br be the comparison functor. Then the image of K* is the full subcate- 
gory of split-generated objects of % (that is, the subcategory generated by the split 
objects, which are defined in [l]). 
Proof. Recall that every object of Brt is generated by uniform objects which are 
readily shown to be split. Conversely, let U be a split object of g. Then, as shown 
in [l], there is a connected torsor T for some group G such that T splits U. This 
means that there is a set N and an equivalence A : T x Triv(N)+ T x U, where 
Triv : Sets+ 8 is the left adjoint to the global sections functor. Let i E N and 
gEGbegiven.ForeachjENletT,betheequalizerof(gxU)h(i)andA(j), 
where (i) and ( j) inject T into T x Triv(N). It is readily shown that T is the 
disjoint union of the Tj so there exists a unique j such that T = T,. We then write 
j = gi. This defines a group action CY of G on N. Moreover, T x Triv(N)+ T x 
U-t U is readily seen to be the colimit of the diagram {T,} and maps Tj+ Tgj 
where T; = T and T, + T,, is the action of g and T x Triv(N) is regarded as the 
coproduct of the T,‘s. Now let i : ST+ BG be the geometric morphism associated 
with T. Then T = Z*(G) and U = Z*(N, a) since, in BG, the G-set (N, cy) is the 
colimit of the corresponding diagram. From this it follows that all split objects are 
in the image of K* and clearly split-generated objects are too. q 
4.7. Corollary. Let g be as in the above lemma, and let G be any group. Then the 
G-torsors of Bn are in one-to-one correspondence with the G-torsors of 8, via K* 
(so r satisfies a generalized standardness condition, cf. [14]). 
Proof. The torsors of 8 are split and K* is a full, faithful embedding of BIT to the 
split-generated objects. 0 
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4.8. Proposition. Let ‘8 be connected and locally connected and let 7~ be its 
fundamental groupoid. Then every continuous homomorphism from rr to a 
(discrete) group G is uniform. Therefore, r classtfies torsors. 
Proof. Let h : OTT’ G be any continuous homomorphism. Then h induces a 
geometric morphism Brr+ BG which corresponds to a G-torsor in Brr. By the 
above corollary, this corresponds to a G-torsor in %. Conversely, every G-torsor 
in 8 corresponds to a canonical map h’ : rr+ G (by definition of m). It readily 
follows that h = h’, etc., in view of the fact that K* is full and faithful. 0 
4.9. Definition. A prodiscrete localic groupoid X is fully prodiscrete if it is a 
filtered limit of discrete groupoids and fully onto functors. 
4.10. Proposition. A Grothendieck topos 8 is of the form BX for X a fully 
prodiscrete localic groupoid iff % is locally connected and generated by its split 
objects (iff ‘8 is locally connected and every object of % is a coproduct of split 
objects). (Note: If % has a point, then 8 is of the form BG for G a prodiscrete 
localic group, as shown in [20]. The proof in [20] extends to arbitrary base toposes, 
while this result assumes that 8 is a topos defined over ordinary sets.) 
Proof. By considering components, this proposition reduces to the connected 
case. If 8 is connected, locally connected and split-generated, then 8 is equivalent 
to BP in view of Lemma 4.6. The converse is straightforward. 0 
4.11. Example. (The pointless plane.) Start with the locale of all open subsets of 
the plane, P. Kill each point p by identifying the whole space P with the 
punctured plane P - {p}. This gives the sublocale (or quotient frame) L which is 
the ‘atomless part’ of the plane, as in [8]. As noted in [13], this locale is 
connected, locally connected and pointless. In view of the above there is a 
fundamental localic groupoid, rr, which is fully prodiscrete. The covering spaces 
generate a topos equivalent to BIT. (Note that 7~ is quite intricate as there is a 
‘loop’ in L for each missing point.) 
4.12. Example. (Infinitesimal group action.) Let the topological group G be fixed 
in the following discussion. If A is a set, we say a germ on A is an equivalence 
class of functions f : G+ A where two such functions are equivalent if they agree 
on a neighborhood of the identity 1 E G. For f : G-, A, let [f] denote the germ 
containing f. 
IfF=[f]’ g is a erm, we define E(F) = f(1) (clearly this is well defined). We let 
C(A) denote the set of all germs on A. So E : C(A)+ A. 
If f : G+ A is any function and if f E G, we define g*f : G+ A by g*f(x) = 
f(xg). Suppose that f,, f2 : G + A agree on a neighborhood U of 1. Choose a 
neighborhood V of 1 such that V. V C U (where V. V is defined using group 
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multiplication, this is clearly possible as multiplication is continuous). Then if 
g E V, we see that g*f, is equivalent to g*f2. So if f : G* A is given, we define 
S(f) : G+ C’(A) by %.0(s) = [s*fl- I n view of the above observation [S(f)] 
depends only on [f], so we can regard 6 as a map from C(A) to C*(A). Note also 
that C is functorial in a natural way (using composition). The following can now 
be proven directly: 
4.13. Lemma. (C, F, 8) is a left exact comonad (or cotriple) on Sets. Therefore, 
the category of C-coalgebras is a topos. (We call this category IG, and refer to IG 
as the topos of infinitesimal actions by G.) 0 
4.14. A concrete description of ZG. Let us say that a weak action by G on a set A 
is any mapping (Y : G X A-A such that a(l, a) = a for all aE A. When (Y is 
understood, we let ga denote a(g, a). 
We will further say that a weak action is locally compatible with multiplication if 
for all a E A there is a neighborhood 17~ of 1 E G such that, for all g E U,, 
h(ga) = (hg)a is some neighborhood of 1, for all h (that is, if g E U,, then 
{h 1 h(g) = bW4 f orms another neighborhood of 1). 
By a concrete infinitesimal action of G on A we mean a set A with a weak action 
which is locally compatible with multiplication. A map m : A* B is admissible if 
for every a E A we have gm(a) = m( ga) for all g in a neighborhood of 1. 
Note that if G has a concrete infinitesimal action on A, then each a E A 
corresponds to a function f, : G-+ A, where f,(g) = ga. Define 8 : A- C(A) by 
f3(a) = [f,]. This is a co-structure map on A, so A is a C-coalgebra. The concrete 
infinitesimal actions form a category equivalent to IG. 
4.15. Remarks. (1) If G is a topological group, then BG is the topos of 
continuous G-actions. This generally differs from ZG, above. It is amusing to note 
that when G is discrete, then BG is G-sets and IG is Sets, but when G is 
indiscrete, then BG is Sets and IG is G-sets. 
(2) Products in ZG are strange. Let {Aj} be a (possibly infinite) family of 
members of IG. By a selection, (T, we mean a way of assigning a concrete 
infinitesimal action to each A,. We can then use these actions to define a concrete 
action on P, the Cartesian product of the A,‘s. Let P, denote P with this action 
and regard all P<,‘s as disjoint. Let P denote the Cartesian product without any 
action. If a E P and if (T and 7 are selections, then PC, and P, agree at a if the 
definitions of ga agree for g in some neighborhood of 1. Whenever this happens, 
we glue f,, and P, at the point a. (Note that if P, and P, agree at a they also agree 
at ga for g near 1.) The resulting glueing of the P,‘s has an obvious concrete 
action and corresponds to the product. 
(3) It is readily shown that ZG is a Grothendieck topos. 
4.16. Example IQ!. Let ‘8 = Z&p, where Q is the additive group of rationals, with 
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the usual topology. Let Q, denote Q acting on itself by translation. Then Qe, is a 
Q-torsor of 8. Let K : 8-+ Br be as in Proposition 4.2. Clearly 7~ acts on Q and 
we let Qp, be the corresponding object of Bn-. It can be shown that K*(Q,) = Q,. 
Now Cl!, is connected in Bn-. (The canonical pro-group homomorphism 7~-+ Q is 
readily seen to be onto, essentially as Q has no proper open subgroup. This is 
enough to make Q, connected. In fact, r may be Q, but verifying this leads to a 
difficult problem.) Therefore, in Br, there are no onto maps from Q2 to 2. But in 
8 there are many such maps (essentially since Q is disconnected in its usual 
topology). Since 2 E Bn- and 2 E $5 (where 2 is the trivial object, 1 + 1, with ‘2 
elements’) we see that K* cannot be a full functor. This shows that Lemma 4.5 
does not extend to the nonlocally connected case. 
4.17. Triviality of the l-limit of the diagram of groups on Tors,(SS). In the 
Introduction, we mentioned that while the fundamental group is a kind of limit of 
the diagram which maps the pair (G, T) in Tars,(g) to the group G, the l-limit 
of this diagram is always trivial. Let L be this limit. Then for every (G, T) in 
Tars,(%) there is a projection p(G, T) : L+ G. Moreover, if (r, m) : (G, T)-+ 
(H, T’), then p(G, T)r =p(H, T’). 
But for any x E G, there exists (r, m) : (G, T)+ (G, T), where r is conjugation 
by x and m is translation by x. From this, it readily follows that p(G, T) must map 
to the center of G. 
But, any group G can be embedded in a larger group H with trivial center. 
Moreover, if T is any G-torsor, then T lifts to an H-torsor, T’ (which is the tensor 
product of H with T). There then exists a map (r.m) from (G, T) to (H, T’), 
where r is the embedding mentioned above. Since L must map to the center of N, 
it follows that L maps only to the identity element of G. So L is trivial. 
4.18. Sketch of the proof that Lim(&) = B(Lim Xi). Let {X,} be an inversely 
filtered system of discrete groupoids and composably onto functors. Then for each 
I, X1 is a groupoid with X,,,), X,,,, XI,*, the sets of objects, maps and composable 
pairs of maps, respectively. Whenever I < J, there is a composably onto functor 
P : X, + X,. The notation P, J is also used for the functions between X,,, and 
X’;: for k = 0,1,2. All of these functions are onto, because PI,] is composably 
onto. 
The limit groupoid X is defined by the locales X,,,X, ,X,, where X, is the limit 
(in locales) of X,,, for k = 0,1,2. We let PI denote the functor from X to X, (and 
also the localic maps from X, to X,,, for k = 0,1,2). 
A key point is that a sheaf over X,, is determined by sheaves A, over X,,, and 
‘restriction maps’ 6, J : PI,J * (A,)-+ A, which are compatible in the obvious way. 
Then the sections oi A over PJ’ (x) are given by the sections of A, over x E X,,,. 
In this case A = Colim P, * (A,). Also d, * (A) = Colim P;‘(d, * (A,). 
As shown by Moerdijk [19], if Y,, Y, , Y, are localic groupoids, then BY is the 
2-coequalizer of the diagram of the categories formed by Shv(Y,), Shv(Y,), 
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Shv(Y,). A member of BY can then be thought of as a sheaf A E Shv(Y,) 
together with an ‘action’ p : d,*(A)-+ d, *(A). 
It is easily established that Lim SX, is a full coreflective subcategory of BX. It 
remains to show that any object of BX is a colimit of objects that in Lim BX,. 
Consider (A, p) in BX. Then A E Shv(X,) and p : d*,(A)-+ d *1 (A). Let 
A, = P,,(A). Then A = Colim P, * (A,), as a sheaf over X,. 
Letf:x+ybeamapofX,. LetaEA,(x)andpEA,(y).Thenfisdefined 
to be special for a! and /3 (denoted as f(a) = p) if cx’ (the lifting of (Y to a section 
of A over P,‘(x)) is such that ~(a’) = p’ (the lifting of 0). It is readily 
established that if f(a) = p and f 1s an identity map, then (Y = p and if f(a) = p 
and g(p) = y, then gf(a) = y. 
Define B, as the subsheaf of A,, where B,(x) is the set of all (Y for which 1, is 
special for (Y. If cz E B,(x) and f : x+ y, then ~(a’) is a section of d Q, (A) over 
PJ’( f ), so p(u) is covered by maps g lying over f such that g(a1) = pl-where 
cwl is a ‘restriction’ of (Y. These coverings patch consistently in the strong sense 
that if g : al-+ /31 and h : al -+ p2 both lie over f (and are in the covering of 
~(a)), then /31 and p2 agree on their overlap, else consider the projection of 
gP’h to level I. So the pi’s patch to give us a p such that f(a) = p. It follows that 
each B, E BX,. Moreover, given (Y’ E A,(x), then ~(a’) over Pr’(l,) is covered 
by a patching of special maps, so cx will appear as a section in Colim B, (in BX). 
This shows that (A, p) E Lim BX, as Lim BX,, being coreflective, is closed under 
colimits. 
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